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We present comprehensive numerical studies of the motion of a buoyant or a nearly
neutrally buoyant nano-sized ellipsoidal particle in a fluid filled cylindrical tube without
or with the presence of imposed pressure gradient (weak Poiseuille flow). The Fluctuating
hydrodynamics approach and the Deterministic method are both employed. We ensure
that the fluctuation-dissipation relation and the principle of thermal equipartition of
energy are both satisfied. The major focus is on the effect of the confining boundary.
Results for the velocity and angular velocity autocorrelations (VACF and AVACF),
diffusivities, and drag and lift forces as functions of shape, aspect ratio, inclination angle,
and proximity to the wall are presented. For the parameters considered, the boundary
modifies the VACF and AVACF such that three distinct regimes are discernible —
an initial exponential decay, followed by an algebraic decay culminating in a second
exponential decay. The first is due to thermal noise, the algebraic regime is due to
both thermal noise and hydrodynamic correlations, while the second exponential decay
shows the effect of momentum reflection from the confining wall. Our predictions display
excellent comparison with published results for the algebraic regime (the only regime
for which earlier results exist). We also discuss the role of off-diagonal elements of the
mobility and diffusivity tensor that enables the quantification of the degree of lift and
margination of the NC in the vessel. Our study covers a range of parameters that are of
wide applicability in nanotechnology and in targeted drug delivery related to the health
sciences.
1. Nomenclature
x, y, z : Cartesian Coordinates
1, 2, 3 : Principal or body fitted coordinates
a, b, c : dimensions of the ellipsoid along the x, y, and z directions
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ε : aspect ratio of the ellipsoidal particle, defined by a/b
deq : equivalent spherical diameter computed as
3
√
abc
m : mass of the ellipsoid
m∗α : effective mass of the ellipsoid along principal direction α, with α = 1, 2, 3
Iαα : moment of inertia of the ellipsoid for rotation about α, with α = 1, 2, 3
I∗αα : effective moment of inertia of the ellipsoid for rotation about α, with α = 1, 2, 3
D : diameter of the cylindrical tube
L : length of the cylindrical tube
r : radial position of the particle with respect to the central axis of the tube
h : shortest distance between the curved wall and the centroid of the particle
ζ0 : shortest distance between the curved wall and any point on the surface of the
particle
h˜ : (h− ζ0)/ζ0, the non-dimensional particle separation from the curved wall
lP : discretization length on the particle
lW : discretization length on the bounding wall
u : velocity of the fluid
Uα : translational velocity of the particle along the α direction, α = x, y, z
ωα : rotational velocity of the particle in Cartesian coordinates, α = x, y, z
Ωα : rotational velocity of the particle in the principal coordinates, α = 1, 2, 3
2. Introduction
Nanoparticles of various sizes and shapes are employed in many technologies. In certain
applications, it is important to predict the diffusivity and the trajectory of the particle
in a fluid medium close to confining boundaries where hydrodynamic interactions with
the wall gain prominence. The fluid medium itself may be stationary or flowing.
In targeted drug delivery, for example, ligand functionalized nano-sized particles, or
nanocarriers (NCs) are commonly used to deliver drugs to specific locations inside the
vasculature. The dynamics of these particles in a confined environment, such as in a
narrow blood vessel, is governed by a complex interplay between the hydrodynamic forces,
Brownian interactions, wall effects, and adhesive interactions of the ligands with specific
receptors expressed on the vessel wall. The magnitude of each of these effects is governed
by a number of factors including the size and shape of the NC, size of the vessel, flow
rate, hematocrit density, and expression levels of receptor molecules on the vascular
surface (Ayyaswamy et al. 2013).
In this study, we will be concerned with the effect of shape (which is taken to be an
ellipsoid) and confinement on the dynamics of the NC. Compared to a spherical NC, a
non-trivial shape such as an ellipsoidal NC has been shown to have a higher efficacy of
binding to the cell (Champion & Mitragotri 2006; Dasgupta et al. 2013; Shah et al. 2011).
It is essential to quantify the hydrodynamic forces acting on an ellipsoidal NC under
confinement in order to evaluate the role of hydrodynamic interactions in mediating such
highly efficacious binding (Liu et al. 2012). For simplicity, the bulk medium is considered
to be a Newtonian incompressible fluid in a cylindrical vessel. When pressure gradients
are present, the flow is taken to correspond to a weak Poiseuille (parabolic) profile.
At present, very limited numerical studies exist that accurately evaluate the shape
effect of an NC on the momentum transport under confinement with or without the
presence of bulk fluid flow. As a consequence, the data on how the diffusivity of such
particles are renormalized by the hydrodynamic interactions due to confinement (i.e. wall
effect for anisotropic particles) are largely unavailable. A major objective of this study
is to fill this void.
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Numerical simulations of a finite-sized ellipsoid immersed in a fluid medium have
been carried out by employing the Stokesian dynamics method (Wakiya 1957), the
finite element method (Sugihara-Seki 1996; Xu & Michaelides 1996; Glowinski et al.
2001b; Swaminathan et al. 2006), boundary integral method (Hsu & Ganatos 1989),
Lagrange-multiplier-based fictitious domain schemes (Glowinski et al. 2001a), and the
lattice Boltzmann method (LBM) (Huang et al. 2014; Ding & Aidun 2000; Xia et al.
2009), among others.
For nano-sized particles, thermal effects should be considered. To account for the effects
of thermal fluctuations on a mechanical system, one can add the thermal force terms to
the governing equations of the system based on the formulations of non-equilibrium
statistical mechanics (Kubo 1966b). In order to achieve thermal equilibrium, the spatial
and temporal correlations in these systems should satisfy a balance between the thermal
random force and the dissipation of system which is required by the fluctuating-
dissipation theorem (Kubo 1966b). To add the thermal force describing the Brownian
motion of a particle immersed in a fluid, we adopt the fluctuating hydrodynamic approach
(Landau & Lifshitz 1980), which essentially adds a stochastic stress to the stress tensor
in the fluid momentum equation. Numerical simulations of fluctuating hydrodynamics
governing a spherical NC have been carried out by employing the finite volume method
(Sharma & Patankar 2004; Donev et al. 2010), LBM (Ladd 1993, 1994a,b; Patankar
2002; Adhikari et al. 2005; Du¨nweg & Ladd 2008; Nie & Lin 2009), stochastic Eulerian-
Lagrangian method (Atzberger 2011), and stochastic Arbitrary Lagrangian-Eulerian
(ALE) (Uma et al. 2011).
For an ellipsoidal particle, there are special requirements based on the shape that
have to satisfied. We employ quaternions to account for the orientations of the
ellipsoid (Kuipers 1999; Chou 1992; Swaminathan et al. 2006). Both translational and
rotational motions of the ellipsoidal NC in: (i) a quiescent fluid medium and (ii) a weak
Poiseuille flow are investigated. The Delaunay-Voronoi method (George 1991) is employed
to generate an unstructured finite element mesh. Thermal fluctuations are represented
by adding a stress tensor as the white noise in space and time (Landau & Lifshitz 1980;
Espanol et al. 2009) to the stress term in the Navier-Stokes equations. The fluctuation-
dissipation theorem is satisfied by discretizing the fluctuating hydrodynamic equations
in terms of finite element shape functions based on the Delaunay triangulation (Espanol
et al. 2009). Although the particle Reynolds number is very small, the presence of thermal
effects requires a treatment of the full Navier-Stokes equations together with the random
stress tensor in the problem formulation. As discussed in Uma et al. (Uma et al. 2011),
for a spherical particle, the added mass of the displaced fluid should be considered along
with the mass of the particle. It must be emphasized that for ellipsoidal particles, the
accounting for the added masses and added moments of inertia is non-trivial due to their
dependence on the shape and orientation of the particle. The appropriate expressions for
these quantities are provided in detail in this manuscript.
For the fluctuating hydrodynamics approach, a large number of realizations are
required to develop adequate statistics of the dynamics. Under certain conditions, the
relaxation behavior of the velocity autocorrelations may also be obtained in the absence
of the imposed random stress tensor. This procedure, the deterministic method, is based
on the Onsager regression hypothesis, which states that the regression of microscopic
thermal fluctuations at equilibrium follows the macroscopic law of relaxation of small
non-equilibrium disturbances (Onsager 1931a,b). The deterministic method affords
computational ease to develop relevant results with a stationary medium. The details
are described in a subsequent subsection. As stated earlier, the approaches described
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in this paper may be extended to biological applications which additionally require the
treatment of a non-Newtonian fluid such as blood.
The paper is organized as follows. Section 3 describes the mathematical formulation
of the problem, the Galerkin finite element method for solving the fluid momentum
equations, and the generation of the random stress tensor for a tetrahedron mesh. Section
4 presents the validations, numerical results and discussion. We conclude in Section 5
with a detailed discussion on the applications of our methods.
3. Formulation of the problem and solution methodology
3.1. Governing equations and boundary conditions for the fluctuating hydrodynamics
study
We consider an ellipsoidal NC immersed in an incompressible, quiescent or flowing
Newtonian fluid contained in a cylindrical tube Σ, as shown in Fig. 2. The inlet and
outlet boundaries are denoted by Σi and Σo, respectively, Σw is the wall boundary,
and the particle surface is denoted by Γp. The dimensions of the particle are denoted
by a, b, and c, and the length and diameter of the tube are L and D, respectively, as
shown in Figs. 2(a) and (b). The position of the particle (i.e., its center of mass) is
expressed either in terms of r, the radial distance from the tube axis, or h, the radial
distance as measured from the wall boundary. The angular orientation of the particle is
measured in terms of the inclination angle θ which denotes an in-plane tilt (in the x− z
plane). In view of the asymmetric shape and the orientation of the ellipsoid, yet one
more measure of length becomes relevant in our problem. With reference to Fig. 2(a)
it may be noted that ζ0 is the maximum value from among the projections of a, b,
and c on a plane perpendicular to the cylinder axis (see appendix A). For example,
ζ0 = b/2 when θ = 0
◦, and ζ0 = a/2 when θ = 90◦. For notational simplicity, we define
the non-dimensional separation between the NC and the wall, in terms of h and ζ0, as
h˜ = (h− ζ0)/ζ0.
The fluid domain satisfies:
∇ · u = 0, (3.1)
ρ
Du
Dt
= ∇ · σ, (3.2)
where u and ρ are the velocity and density of the fluid respectively. σ is the stress tensor
given by:
σ = −pJ + µ[∇u+ (∇u)T ] + S. (3.3)
Here, p is the pressure, J is the identity tensor, and µ is the dynamic viscosity. The
random stress tensor S is assumed to be a Gaussian white noise that satisfies:
〈Sij(x, t)〉 = 0, (3.4)
〈Sik(x, t)Slm(x′, t′)〉 = 2kBTµ(δilδkm + δimδkl)δ(x− x′)δ(t− t′), (3.5)
where 〈·〉 denotes an ensemble average, kB is the Boltzmann constant, T is the absolute
temperature, and δij is the Kronecker delta. The Dirac delta functions δ(x − x′)
and δ(t − t′) denote that the components of the random stress tensor are spatially
and temporally uncorrelated. The mean and variance of the random stress tensor are
chosen to be consistent with the fluctuation-dissipation theorem for an incompressible
fluid (Hauge & Martin-Lo¨f 1973).
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0.5 1.0 1.5 2.0
oblate sphere prolate
aspect ratio (ε)
Figure 1. Ellipsoidal NCs with aspect ratio ε = 0.5, 1.0, 1.5, and 2.0 at the center of a
cylindrical tube of diameter D = 5µm, and oriented along the axis of the tube.
Figure 2. Schematic representation of (a) an ellipsoid bounded by a circular tube of length L
and diameter D with a Poiseuille flow along the x direction, (b) the dimensions of an ellipsoid
denoted by a, b, and c. Panel (c) shows the various length scales in the system: (i) the proximity
of the particle from the wall boundary described either in terms of its radial distance r or its
separation from the wall h = D/2− r, and (ii) ζ0 which denotes the maximum radial size of the
particle – the value of ζ0 is a function of θ.
The translational and rotational motions of a rigid particle suspended in the fluid
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satisfy,
m
dU
dt
= G−
∫
Γp
σ · nˆ ds, (3.6)
I
dΩ
dt
+Ω × (IΩ) = −RT
∫
Γp
(x−X)× (σ · nˆ) ds, (3.7)
where U = (Ux,Uy,Uz)
T
and X = (Xx,Xy,Xz)
T
are the translational velocities and
the position of the center of mass of the NC, respectively, in the Cartesian frame (x, y, z).
Ω = (Ω1,Ω2,Ω3)
T
is rotational velocity of the particle in the body fitted frame of
reference given by (1, 2, 3). The mass and the moments of inertia of the particle are
given by m and I, respectively, and G represents a body force such as gravity. nˆ is the
outward drawn unit normal to the particle surface. Here, the moment of inertia I is
also defined with respect to the body frame attached to the particle. R is the rotational
matrix that transforms the body frame quantities to the inertial frame (x, y, z). In this
study, the rotational matrix is defined in terms of the quaternions q = (q0, q1, q2, q3)
T
with ‖q‖2 = q20 + q21 + q22 + q23 = 1,
R =

2(q20 + q
2
1)− 1 2(q1q2 − q0q3) 2(q1q3 + q0q2)
2(q1q2 + q0q3) 2(q
2
0 + q
2
2)− 1 2(q2q3 − q0q1)
2(q1q3 + q0q2) 2(q2q3 + q0q1) 2(q
2
0 + q
2
3)− 1
 . (3.8)
The position X and the quaternions q of the particle evolve in time according to:
dX
dt
= U , (3.9)
and
dq
dt
=
1
2

0 −Ω1 −Ω2 −Ω3
Ω1 0 Ω3 −Ω2
Ω2 −Ω3 0 Ω1
Ω3 Ω2 −Ω1 0
 q. (3.10)
The initial conditions of the problem are:
U(t = 0) = 0, Ω(t = 0) = 0, u(t = 0) = 0 in Σ, (3.11)
and the boundary conditions are given by:
u = uin on Σi (inlet), (3.12)
σ · nˆ = 0 on Σo (outlet), (3.13)
u = 0 on Σw (wall boundary), (3.14)
u = U + RΩ × (x−X) on Γp (particle surface). (3.15)
The above formulation is numerically solved and the details are provided in the next
subsection.
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3.2. The weak Formulation
Let V be the function space given by:
V =

V = (U ,Ω,u, p)|(U ,Ω) ∈ R3, u ∈ H1, p ∈ L2,
u = 0 on Σw, u = U + RΩ × (x−X) on Γp,
u = uin on Σi, p = 0 on Σo,
 (3.16)
where H1 is the Hilbert space for the fluid velocity field. The test function space V0 is
the same as V, except that u = 0 on Σi and Σo, and hence:
V˜ = (U˜ , Ω˜, u˜, p˜) ∈ V0. (3.17)
Multiplying equation (3.2) by the test function for the fluid velocity u˜, and integrating
over the fluid domain at time t yields:∫
Σ
ρ
Du
Dt
· u˜ dv −
∫
Σ
(∇ · σ) · u˜ dv = 0. (3.18)
Upon integration by parts, the second term may be expressed as:∫
Σ
(∇ · σ) · u dv = −
∫
Σ
σ : ∇u dv +
∫
Γp
(σ · nˆ) · u˜ ds, (3.19)
and the last term of equation (3.19) may be rewritten using equations: (3.6) and (3.7) as∫
Γp
(σ · nˆ) · u˜ ds =
∫
Γp
(σ · nˆ) · (U˜ + (RΩ˜)× (x−X)) ds
= U˜ ·
∫
Γp
σ · nˆ ds+ (RΩ˜) ·
∫
Γp
(x−X)× (σ · nˆ) ds
= −U˜ ·
(
m
dU
dt
−G
)
− (RΩ˜) ·
(
R
[
I
dΩ
dt
+Ω × IΩ
])
= −U˜ ·
(
m
dU
dt
−G
)
− Ω˜ ·
(
I
dΩ
dt
+Ω × IΩ
)
. (3.20)
From equations (3.3), (3.18), (3.19), and (3.20), we get the weak formulation for the
combined fluid-particle momentum equations:∫
Σ
ρ
Du
Dt
· u˜ dv −
∫
Σ
p∇ · u˜ dv +
∫
Σ
(µ(∇u+ (∇u)T ) + S) : ∇u˜ dv
+U˜ ·
(
m
dU
dt
−G
)
+ Ω˜ ·
(
I
dΩ
dt
+Ω × (IΩ)
)
= 0, (3.21)
together with, ∫
Σ
p˜(∇ · u) dv = 0. (3.22)
3.3. Arbitrary Lagrangian-Eulerian (ALE) mesh movement
An ALE technique is used to handle the movement of the particle in the fluid domain,
see (Hu et al. 2001). The material derivative of u(x, t) in an ALE formulation is given
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as:
Du
Dt
=
δu
δt
+ [(u− um) · ∇]u, (3.23)
where,
δu
δt
=
∂
∂t
u(x(φ, t), t)|φ is fixed, and d
dt
x(φ, t) = um, (3.24)
are the time derivatives of the velocity and the mesh velocity, respectively, with the
former being defined in a fixed referential frame φ.
The mesh velocity um in equation (3.24) is set to follow the motion of the particles
and the motion of the confined fluid, and is computed using the Laplace’s equation in
the fluid domain:
∇ · (e∇um) = 0 in Σ, (3.25)
subject to boundary conditions:
um = U + RΩ × (x−X) on Γp, (3.26)
um = 0 on Σw +Σi +Σo. (3.27)
Here, e controls the deformation of the mesh and we choose it to be e = 1/Ve, where
Ve is the volume of the tetrahedral element. Similarly, the acceleration am of the mesh
vertices is chosen to satisfy
∇ · (e∇am) = 0 in Σ, (3.28)
with boundary conditions:
am =
dU
dt
+ (ARΩ + RdΩ
dt
)× (x−X)−RΩ ×U on Γp, (3.29)
am = 0 on Σw +Σi +Σo, (3.30)
where,
A =
 0 −ωz ωyωz 0 −ωy
−ωy ωx 0
 ,
and (ωx, ωy, ωz)
T = RΩ.
The linear weak formulations for the mesh velocity and acceleration are solved using the
biconjugate gradient stabilized method. The positions of the mesh vertices are updated
using the second order forward Euler scheme:
xn+1m = x
n
m + u
n
m(x
n)∆t+
1
2
anm(x
n)∆t2. (3.31)
3.4. Temporal and Spatial discretization
We use an adaptive second-order backward finite difference method to discretize the
time derivatives in equation (3.21) which are given by:
Du
Dt
≈ C1u
n+1(x)− un(x′)
∆tn
+ C2
δun(x′)
δt
+ [(un+1(x)− un+1m (x)) · ∇]un+1(x), (3.32)
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dU
dt
≈ C1U
n+1 −Un
∆tn
+ C2
δUn
δt
, (3.33)
dΩ
dt
≈ C1Ω
n+1 −Ωn
∆tn
+ C2
δΩn
δt
. (3.34)
where C1 =
∆tn
2∆tn +∆tn−1
and C2 =
∆tn +∆tn−1
2∆tn +∆tn−1
, with ∆tn = tn+1 − tn being the
timestep for integration.
However, we use a second order finite difference scheme to discretize the position and
the orientation (represented by quaternions) of the particle as,
Xn+1 = Xn +∆tnU
n +
(∆tn)
2
2
dUn
dt
, (3.35)
qn+1 = qn +∆tn
dqn
dt
+
(∆tn)
2
2
d2qn
dt2
. (3.36)
The derivatives of qn are computed using equation (3.10).
Using equations (3.32)-(3.34), the weak formulation of the governing equations (see
equation (3.21)) may now be expressed as:∫
Σ
ρ
(
C1
∆tn
un+1(x) + ((un+1(x)− un+1m (x)) · ∇)un+1(x)
)
· u˜dv −
∫
Σ
pn+1(x)∇ · u˜ dv
+
∫
Σ
(
µ(∇un+1(x) + (∇un+1(x))T ) + Sn+1(x)) : ∇u˜ dv
+
C1
∆tn
mU˜Un+1 + Ω˜ ·
(
C1
∆tn
IΩn+1 +Ωn+1 × (IΩn+1)
)
=
∫
Σ
ρ
(
C1
∆tn
un(x′)− C2 δu
n(x′)
δt
)
· u˜ dv +
(
C1
∆tn
mUn − C2mdU
n
dt
+G
)
U˜n
+ Ω˜ · I
(
C1
∆tn
Ωn − C2 dΩ
n
dt
)
, (3.37)
and ∫
Σ
p˜(∇ · un+1(x)) dv = 0. (3.38)
The location of the grid in the new domain x and its correspondence to the old
domain x′ follows eqn. (3.31). Since the nodes on the particle surface are also updated
by eqn. (3.31), these node positions may move away from the body surface and hence we
need to reset the surface nodes at each time step.
3.5. Finite element discretization
(i)Surface/boundary mesh: The boundaries of the computational domain are discretized
as described in Hu et al. (2001). Briefly, as shown in Fig. 3(c), we start by approximating
the surface of a unit sphere by an icosahedron, and further subdivide the faces of the
icosahedron into a triangular mesh with a predefined characteristic length lP . The
triangular mesh on the icosahedron is stereographically projected to construct the
boundary mesh for an ellipsoidal particle with specified values of a, b, c, and θ. Similarly,
the cylindrical wall boundary is discretized into a triangular mesh with a characteristic
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NC
wall
Figure 3. The 4-node and 10-node tetrahedrons used in the finite element representation of
the computational domain are shown in panels (a) and (b), respectively. The top panel in (c)
shows an icosahedron used in the discretization of a spherical particle of diameter a which is
later mapped to an ellipsoid — here lP denotes the mesh length on the particle surface. The
lower panel in (c) shows the cross section of a cylindrical tube of diameter D. The mesh size on
the particle surface is denoted by lW .
length lW . In the following, we will describe the finite element mesh parameters used in
our calculations in terms of lP and lW .
(ii)Volume mesh: The fluid domain is discretized by tetrahedral finite elements generated
using Delaunay-Voronoi methods. The discrete solution for the fluid velocity is
approximated by piecewise quadratic functions and is assumed to be continuous over
the domain. We use 10 node tetrahedral elements (Fig. 3(b)) to locally interpolate
the velocity. On the other hand, the pressure and the stress are piecewise linear and
continuous, and are interpolated using 4 node tetrahedral elements (Fig. 3(a)). The 4
node and 10 node elements used to interpolate the stress and the velocity are known to
satisfy the Ladyzhenskaya-Babuska-Brezzi conditions for stability (Hu et al. 2001).
For a given finite element mesh, the combined fluid-solid weak formulation (eqn. (3.37))
reduces to a nonlinear system of algebraic equations, which is solved by a Newton-
Raphson algorithm. Similarly, the mesh velocity (eqn. (3.25)) and mesh acceleration
(eqn. (3.28)) can also be reduced to linear systems of algebraic equations. These coupled
systems are solved by a multigrid preconditioned conjugate gradient method.
3.6. Random stress tensor for the tetrahedral finite element mesh
We now describe the procedure to numerically generate the random stresses associated
with the unstructured tetrahedral mesh. The random stress at each node on the
computational domain depends on the volumes of the tetrahedrons associated with it.
The components of the random stress tensor S(i) in the i-th tetrahedral element, with
volume V
(i)
e , is approximated from eqn. (3.5) as
〈Sxx〉(i) = 〈Syy〉(i) = 〈Szz〉(i) = 0, (3.39)
〈Sxy〉(i) = 〈Syz〉(i) = 〈Szx〉(i) = 0, (3.40)
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〈S2xx〉(i) = 〈S2yy〉(i) = 〈S2zz〉(i) =
4kBTµ
V
(i)
e ∆t
, (3.41)
〈S2xy〉(i) = 〈S2yz〉(i) = 〈S2zx〉(i) =
2kBTµ
V
(i)
e ∆t
, (3.42)
where ∆t is the time step for the numerical simulation. The total stress on a node is then
computed as:
S = C
Ne∑
i=1
S(i), (3.43)
with C = 1 when the node is inside the computational domain and C = √2 when the node
is on a boundary surface. Ne is the number of tetrahedrons associated with this node. At
a boundary node, since we consider the ellipsoidal particles to be solid, the tetrahedral
volume V
(i)
e underestimates the total volume defined by the Dirac delta function δ(x−x′),
given in the right hand side of eqn. (3.5). Ignoring the effect of the particle curvature on
the estimate for V
(i)
e , we approximate the effective volume as δ(x − x′) = 2V (i)e . Using
this estimate in eqns. (3.41) and (3.42) and summing over all tetrahedral elements linked
to a given node leads to the general equation given in eqn. (3.43).
3.7. Deterministic calculations to compute velocity autocorrelations in a quiescent fluid
In this study, we also employ a computationally inexpensive calculation to study the
velocity autocorrelation function (VACF) and angular velocity autocorrelation function
(AVACF) of a nano-ellipsoid. This method follows from the fluctuation-dissipation
relation which states that the temporal correlation in the thermal stresses is equivalent to
the correlation in the hydrodynamic memory of a stationary fluid (Kubo 1966b). Earlier
works (Pagonabarraga et al. 1998; Iwashita et al. 2008; Yu et al. 2015) have shown
that the averaged time correlation in the velocity of a Brownian particle, in a stationary
medium, is equivalent to that for a driven particle computed in the absence of thermal
fluctuations. This technique is called the deterministic method (Vitoshkin et al. 2016).
Since the inclusion of the stochastic stresses (S 6= 0) in the fluctuating hydrodynamics
formulation leads to a large computational overhead, we may use the Deterministic
method to investigate the long time behavior of the velocity autocorrelation of the
nano-ellipsoid in a quiescent medium. The formulation and numerical techniques for the
deterministic method are similar to that for fluctuating hydrodynamics except that:
(1) the stochastic stress on each fluid element is taken to be S = 0,
(2) the initial value of the particle velocity (eqn. (3.11)) is taken to be
U(0) = (Ux,0,Uy,0,Uz,0) and Ω(0) = (Ωx,0,Ωy,0,Ωz,0) with at least one of
the components being non-zero.
It should be noted that, though the deterministic method provides an inexpensive route
to compute the long time correlations in the particle velocities, the trajectories obtained
in these simulations are not reflective of that for a fluctuating particle.
3.8. Added masses and moments of inertia as functions of the aspect ratio
In our computational method, we have employed an incompressible fluid formulation.
To account for the effect of incompressibility the effective mass and the moments of inertia
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must be included in our numerical evaluations, e.g., see Korotkin (2009); Uma et al.
(2011). In this section we present the modified expressions for the effective masses and
moments of inertia (Korotkin 2009), for an ellipsoidal particle at a prescribed orientation
with respect to the bounding wall.
We define the direction dependent added masses and moments of inertia as:
m∗α = (1 + kα)m, (3.44)
I∗αα = (1 +Kαα)Iαα. (3.45)
Here kα (α = x, y, z) denotes the coefficient of the added mass along the α direction,
and Kαα (α = 1, 2, 3) denotes the coefficient of the added moment of inertia along the
principal direction α. The analytical forms of m∗α and I
∗
αα, for an ellipsoidal particle fully
immersed in a fluid, depend on the aspect ratio of the particle and these expressions are
as described below:
3.8.1. Oblate spheroids (a < b = c), with semi-minor axes along the tube axis
For an oblate spheroid (with a < b = c) and oriented such that the semi minor axes is
along the axial direction of the bounding wall, we define coefficients:
Aob =
2q
(1− q2)3/2
(√
1− q2
q
− sin−1
(√
1− q2
))
, (3.46)
and
Bob = Cob =
q
(1− q2)3/2
(
sin−1
(√
1− q2
)
− q
√
1− q2
)
, (3.47)
where p = b/c and q = a/c. The added mass coefficient may then be expressed in terms
of Aob, Bob and Cob as:
kx =
Aob
BobCob
; ky =
Bob
Aob + Cob
; kz =
Cob
Aob +Bob
, (3.48)
Kxx =
(p2 − 1)2
p2 + 1
Cob −Bob
2(p2 − 1) + (Bob − Cob)(p2 + 1) , (3.49)
Kyy =
(1− q2)2
q2 + 1
Aob − Cob
2(1− q2) + (Cob −Aob)(q2 + 1) , (3.50)
Kzz =
(q2 − p2)2
q2 + p2
Bob −Aob
2(q2 − p2) + (Aob −Bob)(p2 + q2) . (3.51)
3.8.2. Spherical particles, a/c = 1.0
For a spherical particle we use the well known results for the added coefficients
kx = ky = kz =
1
2
, (3.52)
and
Kxx = Kyy = Kzz = 0. (3.53)
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Figure 4. Coefficients of the added masses (kx, ky and kz) and moments of inertia (K11, K22
and K33) as functions of ε, the aspect ratio of the particle. The horizontal line represents the
added mass component for a spherical particle (ε = 1), for which kx = ky = kz = 0.5.
3.8.3. Prolate Spheroids (a > b = c), with semi-major axes along the tube axis
For a prolate ellipsoid (a > b = c) with semi-major axes along the axial direction of
the tube, we define the coefficients:
Apr =
2v
(v2 − 1)3/2
(
log(
√
v2 − 1 + v)−
√
v2 − 1
v
)
, (3.54)
Bpr = Cpr =
v2
v2 − 1
(
1−
√
v2 − 1
v
log(
√
v2 − 1 + v)
)
, (3.55)
where v = a/b. The coefficients of the added masses and moments of inertia may then
be expressed in terms of Apr, Bpr and Cpr as:
kx =
Apr
2−Apr ; ky =
Bpr
2−Bpr ; kz =
Cpr
2− Cpr , (3.56)
Kxx =
(b2 − c2)2
b2 + c2
Cpr −Bpr
2(b2 − c2) + (Bpr − Cpr)(b2 + c2) , (3.57)
Kyy =
(a2 − c2)2
a2 + c2
Apr − Cpr
2(c2 − a2) + (Cpr −Apr)(a2 + c2) , (3.58)
Kzz =
(a2 − b2)2
a2 + b2
Bpr −Apr
2(a2 − b2) + (Apr −Bpr)(b2 + a2) . (3.59)
The aspect ratio and direction dependent added inertial coefficients given by eqns. (3.46)-
(3.59) are shown in Fig. 4.
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4. Numerical results and discussion
We study the motion of the particle in (i) a quiescent fluid medium, and (ii) in a
fully developed Poiseuille flow at the entrance. For particle motion in the presence of a
Poiseuille flow, we initially fix the particle at the desired location and subsequently release
it only when the flow is fully developed (Uma et al. 2011). For the results reported in this
study, we take tube diameter D to be in the range 5− 50µm and tube length L = 40µm
throughout. The dynamic viscosity and density of the fluid are taken to be µ = 10−3 kg
m−1s−1, and ρ(f) = 103 kg m−3, respectively.
The presence of stochastic stresses (S 6= 0) continuously alters the degrees of freedom
in the fluid and as a result the ellipsoidal particle is subject to a net force which has
contributions from both the hydrodynamic and the stochastic stresses. First, we consider
a stationary medium. In the absence of an external flow, the motion of the nanoparticle
is solely Brownian.
The fluid temperature is set at T = 310 K and the thermal energy is given by kBT ,
with the Boltzmann constant kB = 1.3806503× 10−23 kg m2/(s2 K). We first consider a
neutrally buoyant ellipsoidal NC of aspect ratio ε=1.5 (with a = 600 nm, and b = c = 400
nm and θ = 0◦) initially placed at the center of a fluid filled cylinder with D = 5µm and
L = 40µm. The characteristic length of the particle is take to be the equivalent spherical
diameter deq =
3
√
abc = 457.9 nm and this sets a representative hydrodynamic time scale
tν = (deq/2)
2/µ = 5.24 × 10−8 s, and this will be employed for the scaling throughout
the treatment. We have also examined the motion of this particle in the presence of a
Poiseuille flow along the x direction. In this case, flows with maximum inlet velocities
in the range umax = 10
−1 to 105 µm/s, corresponding to particle Reynolds numbers
(Re(p) = ρ(f)dequmax/µ) in the range 5× 10−8 to 5× 10−2, have been investigated.
4.1. Thermal equilibration of the ellipsoidal NC
Since this study is a numerical evaluation of a stochastic differential equation
formulation, it is very important to set formally correct procedures in place before
embarking on the full evaluation. Rigorous requirements in this context consist of
guaranteeing thermal equilibration of the NC with the bulk medium and the satisfaction
of the Maxwell-Boltzmann distribution for the components of the particle velocity.
As stated earlier, the preset bulk fluid temperature is T = 310 K. We note that the
fluid-particle system is a self thermostat that maintains the equilibrium temperature
through the fluctuation-dissipation relation. Using the equipartition theorem, we
numerically estimate the translational and rotational temperatures, denoted by T (t) and
T (r) respectively, as:
T (t) =
T
(t)
x + T
(t)
y + T
(t)
z
3
=
1
3kB
∑
α=x,y,z
m∗α〈U2α〉, (4.1)
and
T (r) =
T
(r)
1 + T
(r)
2 + T
(r)
3
3
=
1
3kB
∑
α=1,2,3
I∗αα〈Ω2α〉. (4.2)
In estimating these temperatures, we explicitly account for the effective masses m∗α and
moments of inertia I∗αα, whose exact forms are given in eqn. (3.45).
Panel (a) in Fig. 5 shows five independent trajectories of an NC, initially at the same
starting location. The computations were carried out over a period of 3 µs using a
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timestep of ∆t = 10−10 s. These trajectories demonstrate the Brownian characteristic of
the particle. For each of these trajectories, we compute T
(t)
α and T
(r)
α , the translational and
rotational temperatures, respectively, along each principal direction α. The time evolution
of T
(t)
α and T
(r)
α are shown in Fig. 5(b). Both the translational and rotational temperatures
of the particle transition to a steady state at very short times (∼ 500∆t ' tν) following
their introduction into the fluid. While the temperatures of the individual trajectories
fluctuate by as much as ±15%, the time averaged temperatures, also shown alongside
in each of the panels in Fig. 5(b), show thermal equilibration with the preset bulk
temperature.
Next, we investigate the effect of various ellipsoidal NC aspect ratios on thermal
equilibration. We consider five different aspect ratios, ε=0.5, 1.0, 1.5, 2.0, and 5.0 for
which the translational and rotational temperatures are displayed in panels (c) and
(d) of Fig. 5 — the complete set of data can be found in Figs. S1.1-S1.15 in the
Supplementary Information. The NC here all have an equivalent volume of 0.0502 µm3,
which corresponds to an effective spherical diameter of deq = 457.9 nm, as before. In this
context, we have also studied the effect of confinement on the thermodynamic behavior
of the NCs by computing their equilibrations for three wall separation distances, chosen
such that the NC is in (i) the bulk regime (h˜ > 1), (ii) the near wall regime (h˜ = 1),
and (iii) the lubrication regime (h˜ = 0.2). We note that h˜ is a function of ε and particle
orientation (see Appendix A). The computed values of T (t) and T (r) are averaged over
10 independent 3 µs trajectories, and these are shown in panels (c) and (d) in Fig. 5,
respectively. The evaluated particle temperatures match with that of the bulk fluid within
±15%, independent of the aspect ratios and confinement effects. The larger deviations
seen for ε = 5.0 may further be improved by refining the computational mesh, which we
discuss next.
The computed values of the equilibrium temperature depend both on the resolution
of the computational mesh (i.e., on lP and lW in Fig. 3(c)) and the timestep ∆t. This is
illustrated in Fig. 6, for an NC with ε = 1.5, a = 600 nm, and θ = 0◦, where we show T (t)
and T (r) as functions of lP computed for two time steps ∆t = 10
−10 s and ∆t = 5×10−11
s. The error bars correspond to the standard deviation in the temperatures computed
from 10 independent ensembles and the maximum error in the predictions is found to
be around 15%. For the condition of the study, for lP ∼ 8 nm the estimates of the
equilibrated temperatures are almost the same as the bath temperature T confirming
equilibration. Beyond lP = 8 nm, equilibrium is not attained because of the inability
to determine the stress and the corresponding velocity fields sufficiently accurately. It is
important therefore to correctly estimate the mesh length that yields equilibration for
the prevailing conditions. These studies establish the criteria for mesh convergence in
stochastic hydrodynamic computations.
Fig. 7(a) shows T (t) and T (r) for a nearly neutrally buoyant ellipsoidal particle, of
similar dimensions as before, for five different particle densities, that are chosen to be
in the range 990 6 ρ(p) 6 1010 kg/m3, in thermal equilibrium with a quiescent fluid.
We find for the range of densities investigated that thermal equilibration is attained in
a manner similar to that described earlier.
We next study how the presence of external flow impacts the stochastic motion of the
NC by introducing it at the center of a tube with a well developed incoming Poiseuille
flow. We investigate this phenomenon for seven different flow rates with the NC Reynolds
numbers in the range Re(p) = 5× 10−8− 5× 10−2. Fig. 7(b) shows the translational and
rotational temperatures as a function of Re(p) for a neutrally buoyant ellipsoidal NC with
a normalized surface mesh length of lP = 5 nm and lW = 785 nm. Our results show that
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Figure 5. (a) Five independent trajectories of an ellipsoidal particle (with ε = 1.5 and a = 600
nm) immersed in a fluid with fluctuating stresses. (b) Time evolution of the scaled translational
and rotational temperatures, along the x, y and z directions, for all the five trajectories, along
with their ensemble averaged value. (c, d) Translational and rotational temperatures, averaged
over all directions, as a function of ε, the aspect ratio of the ellipsoidal nanocarrier, for three
different positions with respect to the bounding wall. Mesh parameters used are lP = 6 nm and
lW = 785 nm. The exact values for h˜ > 1 for different  may be found in Table. 1.
equilibration is attained by the NC in a manner similar to the above even in the presence
of weak Poiseuille flows.
Having shown that the ellipsoidal NC satisfies the principle of equipartition of
translational and rotational energies, we next investigate the behavior of the velocity
components.
To be self consistent, in this section we show that the translational and rotational
velocities of the NC in the fluctuating fluid satisfy:
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Figure 6. Translational and rotational temperatures of the NC as a function of the surface
mesh length for two values of the computational timestep: ∆t = 10−10 s and ∆t = 5× 10−11 s.
0.990 0.995 1.000 1.005 1.010
ρ(p)/ρ(f)
0.7
0.8
0.9
1.0
1.1
sc
al
ed
te
m
p
er
at
u
re
(a)
bath temperature
T (t)/T
T (r)/T
10 � 7 10 � 6 10 � 5 10 � 4 10 � 3 10 � 2 10 � 1
particle Reynolds number Re(p)
(b)
bath temperature
T (t)/T
T (r)/T
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Mesh parameters used are lP = 6 nm and lW = 785 nm.
P (Uα)dUα =
1√
2pi
exp
(
− U
2
α
2σ2(t),α
)
, (4.3)
and
P (Ωα)dΩα =
1√
2pi
exp
(
− Ω
2
α
2σ2(r),α
)
, (4.4)
respectively. Here σ2(t),α = kBT/m
∗
α is the variance in the α component of the particle
translational velocity, with α = x, y, z and σ2(r),α = kBT/I
∗
αα, with α = 1, 2, 3, is the
variance in the rotational velocities.
The corresponding probability distributions for an ellipsoidal particle, with ε = 1.5,
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Figure 8. Equilibrium probability of the translational and rotational velocities of an ellipsoidal
nanoparticle in a quiescent fluid (panels (a) and (b)), and in a Poiseuille flow (panels (c) and
(d)). The two shaded regions in each of the panels represent deviations of ±10% and ±20% from
the Maxwell-Boltzmann (MB) distribution. Data shown for an NC with ε = 1.5, a = 600 nm,
and θ = 0◦ placed at the center of a cylindrical tube of diameter D = 5µm. Mesh parameters
used are lP = 7 nm and lW = 785 nm.
a = 600 nm and θ = 0◦, placed at the center of the tube, is shown in Figs. 8 (a) and (b).
P (Uα)dUα shows a normal distribution, for all values of α = x ,y, and z. Furthermore,
the computed probabilities deviate at most by 10% from the normal distribution as
is shown by the shaded region that represents a ±10% deviation. We also studied the
velocity distribution for an ellipsoidal NC placed at the center of a tube with a steady
Poiseuille flow with umax = 100µm/s. P (Uα)dUα in the presence of flow is shown in
Fig. 8 (c) and (d), and both the translational and rotational velocities show a normal
distribution consistent with Maxwell-Boltzmann statistics.
4.2. Translational velocity autocorrelation (VACF) and rotational velocity
autocorrelation (AVACF) of the ellipsoidal NC
We define the VACF of the NC velocities as
CUα(t) =
〈Uα(0)Uα(t)〉
(kBT/m∗α)
∀ α = x, y, z (4.5)
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and the AVACF as
CΩα(t) =
〈Ωα(0)Ωα(t)〉
(kBT/I∗αα)
∀ α = 1, 2, 3. (4.6)
We compute the VACF and AVACF of a Brownian NC using two methods: (i) direct
calculations using the Fluctuating Hydrodynamics approach and (ii) from the relaxation
of the velocity using the Deterministic method. It has been previously shown that for a
sufficiently small initial velocity the decay of the NC velocity is identical to the velocity
autocorrelation function, and in scaled units, we express the VACF and AVACF from
the deterministic method as:
CUα(t) =
Uα(t)
Uα(0)
∀ α = x, y, z, (4.7)
and
CΩα(t) =
Ωα(t)
Ωα(0)
∀ α = 1, 2, 3. (4.8)
The time correlation in the translational and rotational velocities of a Brownian
particle, in the absence of hydrodynamic interactions decays as:
CUα(t) = exp
(
− t
M(t)α m∗α
)
, (4.9)
and
CΩα(t) = exp
(
− t
M(r)α I∗αα
)
, (4.10)
respectively. Here, we denote the translational and rotational mobilities of the particle,
along the α direction, asM(t)α andM(r)α , respectively. † However, when the hydrodynamic
forces are explicitly taken into account, the exponential decay only holds for times smaller
than the viscous relaxation time tν (i.e., for t 6 tν). The long time behavior (t > tν)
of the VACF and AVACF for an centrally symmetric ellipsoidal particle, immersed in
a bulk fluid, follows an algebraic decay (Hocquart & Hinch 1983; Cichocki & Felderhof
1995; Lowe et al. 1995; Cichocki & Felderhof 1996; Masters 1996; Cichocki & Felderhof
1997; Masters 1997) given by
CUα(t) =
1
6
√
pi
(
t
tν
)−3/2
for translational velocities (α = x, y, z), (4.11)
and
CΩα(t) =
ΨAαα
60
√
pi
(
t
tν
)−5/2
for rotational velocities (α = 1, 2, 3). (4.12)
Here
ΨAαα =
I∗αα
Isph
1 + 3
5
(
2βγ − 1
2βγ + 1
)2 . (4.13)
I∗αα is the added moment of inertia along the α direction and Isph is the moment of
inertia of the equivalent sphere. The indices α, β, γ form a cyclic pair, such that β = 2
† The mobilities are estimated from the towing method described in Sec. S3 in the
Supplementary Information. In all of our results presented for the VACF we use mobilities
computed using this method method to show the duration of the first exponential decay regime.
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Figure 9. (a) CUα(t), the VACF for α = x, y and (b) CΩα(t), the AVACF for α = 1, 2, for
an ellipsoidal NC (ε = 1.5 and a = 600 nm) placed at the center of a cylindrical tube, with
θ = 0◦ and h˜ = 11.5. In both the panels, the solid lines correspond to data obtained from
stochastic simulations and the symbols denote those obtained using the Deterministic method.
The correlations in the particle velocity show a Stokes exponential decay for t < tν and an
algebraic decay for t > tν .
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Figure 10. Effect of wall confinement on the VACF (along the x direction) and AVACF (along
the 1 direction) computed using the deterministic method. Data shown for an NC with ε = 1.5,
a = 600 nm and θ = 0◦ placed at the center of a cylindrical tube with D = 5, 10, and 20µm.
The solid and dotted lines denote the Stokes decay and algebraic decay regimes respectively.
and γ = 3 when α = 1, and βγ is the ratio of the particle dimensions along the β and
γ directions. For example, for a prolate ellipsoid (with ε=1.5) 23 = 1, 31 = 2/3, and
12 = 3/2.
In Fig. 9 we show the VACF and AVACF for an ellipsoidal NC, with ε = 1.5, a = 600
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Figure 11. Effects of aspect ratios on the VACF and AVACF along the y and 2 directions,
respectively. The main plot shows data for NCs confined by a tube with D = 20µm. The dotted
lines in panel (b) are the best fit curves for the algebraic decay regime which in turn is used to
calculate ΨC22(ε). The inset to panel (b) shows a comparison of Ψ
C
22 to their analytical estimates,
as a function of ε.
nm and θ = 0◦, placed at the center of the tube with D = 5µm and L = 40µm,
for which h˜ = 11.5. In both panels, the solid lines correspond to data obtained from
stochastic simulations and the symbols denote those obtained from the deterministic
method. All data for the stochastic simulations have been averaged over 10 independent
3 µs Brownian trajectories.
The VACF and AVACF shown in Fig. 9(a) show an initial Stokes exponential decay
for t < tν followed by an algebraic decay for t > tν culminating in a second exponential
decay for large times. For t < tν , the estimates from both the stochastic and deterministic
methods agree very well with each other. The observed exponential decay agrees
favourably with that predicted for this regime by eqns. (4.9) and (4.10). When t > tν ,
the VACF and AVACF from the deterministic method shows a crossover to a power law
behavior. The behavior for the VACF scales as (t/tν)
−3/2/(6
√
pi) for all the coordinate
directions (x, y and z). For the AVACF, the scaling law is ΨA11(t/tν)
−5/2/(60
√
pi),
with ΨA11 = I
∗
11/Isph, along the 1 direction and Ψ
A
22(t/tν)
−5/2/(60
√
pi), with ΨA22 =
1.089(I∗22/Isph), along the 2 and 3 directions. These scaling laws have been displayed with
dotted lines in Figs. 9(a,b). Significantly, these predictions compare very favorably with
the theoretical estimates of Hocquart & Hinch (1983), thus lending credibility for this
numerical undertaking. For both VACF and AVACF, at large times a second exponential
decay is observed. This behavior is attributable to the presence of the curved boundary
of the vessel wall and its interaction with the NC motions.
It is noteworthy that the predictions of the detailed numerical stochastic calculations
and those of the deterministic method compare very well. The detailed stochastic
calculations are very time consuming and computationally prohibitively expensive at
large times. However, the deterministic calculations that yield essentially the same results
have a lower computational overhead.
In Fig. 10(a) and (b) we display the translational and rotational VACF, respectively,
for a NC with ε = 1.5, a = 600 nm, and θ = 0◦. The translational quantities are
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for the x direction while the rotation corresponds to 1 direction. Three different vessel
confinements of diameters of D = 5, 10, and 20µm with a fixed length of L = 40µm
are considered. In all of these cases, the particle is initially located on the central axis
of the confining tube, with h˜ = 11.5, 24 and 49, respectively. As noted in the figures
three distinct decay regimes may be identified. An initial exponential decay, followed
by an algebraic decay culminating in a second exponential decay. The first exponential
decay regime lasts about nearly the same time for all values of D, as would be expected.
Larger the D the corresponding algebraic decay regime is of longer duration. The first
exponential decay may be thought as being due to an uncorrelated noise, the algebraic
decay is due to the combined effects of the thermal noise and hydrodynamic correlations
while the second exponential decay shows the influence of momentum reflections from
the confining boundary (Vitoshkin et al. 2016). The computed algebraic regimes agree
very well with analytical predictions given in eqns. (4.11) and (4.12) thus providing
an important validation for the comprehensive numerical formulation undertaken in this
study. The analytical predictions are displayed by dotted lines and as can be seen they
overpredict both at short and long times. It is worthwhile emphasising that both the short
and long time scales have been accessed in these numerical evaluations and this has been
possible by the use of both the fluctuating hydrodynamics and the deterministic methods.
The effects of confinements can only be accurately described by employing simulations
as carried out in this paper.
There has been a considerable amount of published literature (Hocquart & Hinch
1983; Cichocki & Felderhof 1995; Lowe et al. 1995; Cichocki & Felderhof 1996; Masters
1996; Cichocki & Felderhof 1997; Masters 1997) related to the particle shape dependence
on the VACF and AVACF. Almost all of these studies concern themselves with the long
time algebraic decay of AVACF in unconfined systems. Their results also state that the
VACF in such circumstances is independent of the NC shape. We present numerically
accurate values for the VACF and AVACF taking into account the effect of confinement.
In this context, the effect of various aspect ratios, ε = 0.5, 1.0, 1.5, 2.0, and 5.0, on
the translational and rotational VACFs along the y and 2 directions are displayed in
Figs. 11(a) and (b) for an ellipsoidal NC that is placed at the center of a cylindrical tube
with D = 20µm and L = 40µm. The VACF (panel (a)) is found to be independent of the
aspect ratio of the particle, with the algebraic regime scaling as (t/tν)
−3/2/(6
√
pi), which
is shown as dotted lines. The AVACF (panel (b)), on the other hand, shows a strong
dependence on the aspect ratio of the particle, particularly in the algebraic decay regime.
This dependence has been captured by fitting this regime to ΨC22(t/tν)
−5/2/(60
√
pi),
which are also shown alongside as dotted lines. In the inset, we compare the computed
prefactor ΨC22, for five different aspect ratios, to their corresponding analytical estimates
given by ΨA22, whose form is given in eqn. (4.13). Again excellent comparison with
analytical predictions lend credibility to the numerical study. As discussed earlier, three
distinct regimes may be identified: Stokes decay, algebraic decay, followed by a second
exponential decay which reflects the effect of confinement. It is to be noted that the
scaling behavior of both the VACF and AVACF may be modified from that given by
eqns. (4.11) and (4.12) by changes in the NC-wall proximity and wall curvature. These
aspects are displayed in section S2 of the Supplementary Information.
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Figure 12. Mean squared displacement (MSD), along various directions, for a neutrally buoyant
ellipsoidal NC, with ε = 1.5, a = 600 nm, and θ = 0◦, placed at the center of a stationary fluid
medium. The translational MSD, ∆R2α(t) for α = x, y, z, and the rotational MSD, ∆Θ
2
α(t) for
α = 1, 2, 3, are shown in panels (a)-(f). The solid lines are the fits to the ballistic and diffusive
regimes. Mesh parameters used are lP = 7 nm and lW = 785 nm.
4.3. Diffusion of the ellipsoidal nanoparticle
The evaluation of the various velocity autocorrelation functions enable the calculation
of the particle diffusivities via the Green-Kubo relation given by (Kubo 1966b):
Dα(t) =
t∫
0
〈Uα(τ)Uα(t+ τ)〉dτ. (4.14)
Alternatively, the diffusive behavior of the NC can also be ascertained from the scaling
behavior of the mean squared translational and rotational displacements defined by,
〈∆Xα(t)2〉 = 〈(Xα(t+ τ)−Xα(τ))2〉 (4.15)
for the translational MSDs, with α = x, y, z and
〈(∆Θα(t))2〉 = 〈(Θα(t+ τ)−Θα(τ))2〉 (4.16)
for the rotational MSDs, with α = 1, 2, 3. A numerical evaluation of these equations will
provide the zero-frequency diffusivity of the particle. We first compute the diffusivity from
the MSD calculations and compare them with estimates obtained using the Green-Kubo
relation. Here, we numerically evaluate the MSD, along various directions, for a neutrally
buoyant ellipsoidal NC, with ε = 1.5, a = 600 nm, and θ = 0◦, placed at the center of
a tube with D = 5µm and L = 40µm. The translational MSD, ∆X2α(t) for α = x, y, z,
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Figure 13. Comparison of the translational and rotational diffusivities computed from the
velocity-autocorrelation, using the Green-Kubo relation, to those estimated from MSDs. Data
for shown for NCs with five different aspect ratios and placed at h˜ > 1. The central dotted
line represents the linear correlation while the rest two represent deviations of ±20%. The
translational diffusivities (panel (a)) are in units of µm2s−1, and the rotational diffusivities
(panel (b)) are in units of rad2s−1.
and the rotational MSD, ∆Θ2α(t) for α = 1, 2, 3, are shown in panels (a)-(f) of Fig. 12.
We observe that all the mean squared displacements (MSDs) crossover from a ballistic
regime (∼ t2) at short times to a diffusive regime (∼ t) at longer times. For the NC
investigated, this crossover for the translational MSD is seen when 0.08tν < t < 5tν and
for the rotational MSD when 0.05tν < t < tν . We fit the ballistic regime to the functions
B
(t)
α t2 and B
(r)
α t2, for the translational and rotational components, respectively. The
corresponding diffusive regimes are fit to 2D
(t)
α t and 2D
(r)
α t, respectively. The best fits
to each of these regimes are shown as solid lines. These enable the direct evaluation of
NC diffusivities. Panels (a) through (f) reveal the important feature that the directional
diffusivities are different for an ellipsoidal NC and vary along the directions x, y, z and
1, 2, 3.
In Fig. 13, we compare the directional diffusivities D
(t)
α and D
(r)
α computed from the
mean squared displacements with those computed from the VACF and AVACF using
eqn. (4.14) for NCs with h˜ > 1. Results for h˜ = 1 and h˜ = 0.2 may be found in
section. S4 of the Supplementary Information. As may be noted, the predictions from
either technique are essentially the same within ±15% (see dotted lines). This agreement
between the predictions of the two techniques are found to be independent of the aspect
ratio of the NC ε and the NC location in the fluid medium h˜. Again this confirms the
validity of the numerical scheme.
In Fig. 14 we show the directional translational and rotational diffusivities as a function
of the aspect ratio for various locations of the NC in the vessel. The symbols denote the
computed values of D
(t)
α and D
(r)
α , computed using the Green-Kubo relation from the
VACF and AVACF, respectively. The diffusivities computed from the MSD are shown in
Section. S5 in the Supplementary Information.
The Stokes-Einstein long time translational diffusivities for an NC in an unbounded
media along the x, y, and z directions may be computed as D˜
(t)
x = kBT/ξ
(t)
x (ε) and
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Figure 14. Translational diffusivities (panels (a)-(c)) and rotational diffusivities (panels
(d)-(f)) as a function of the aspect ratio, for three different NC-wall separations h˜ > 1,
h˜ = 1, and h˜ = 0.2. In panel (a), D˜
(t)
x (dotted line) and D˜
(t)
z (solid line) are the estimates
for the Stokes-Einstein diffusivities along the x and z directions, respectively, which apply
for unbounded domains. In panels (d,e,f), D˜
(r)
1 (dotted line) and D˜
(r)
3 (solid line) are the
Stokes-Einstein-Debye diffusivities for an ellipsoidal particle in an unbounded domain.
D˜
(t)
y = D˜
(t)
z = kBT/ξ
(t)
z (ε), respectively. Here ξ
(t)
x (ε) and ξ
(t)
z (ε) are the aspect ratio
and direction dependent friction coefficients, computed as in Clift et al. (1978). These
asymptotes are shown in Fig. 14(a) as dotted and solid lines, respectively. For ε < 1.0
(ε = 1 corresponds to a spherical NC) we consider an oblate spheroidal NC. The D˜
(t)
y,z are
both greater than D˜
(t)
x . This may be explained as due to the effects of the added mass and
added moments of inertia associated with the oblate spheroidal shape. These favor higher
diffusivities in the y and z directions. On the other hand when ε > 1.0 we have a prolate
spheroid diffusing in an unbounded medium. Here, the same physical factors favor the x
directional diffusion. Succinctly, for NCs of equal volumes in an unbounded media (and
the same equivalent diameter deq), the direction dependent friction coefficients may be
shown to scale with the aspect ratio as ξ
(t)
x (ε) ∼ (4 + ε)/ 3√ε and ξ(t)z (ε) ∼ (3 + 2ε)/ 3√ε.
As would be expected, for an NC located at the center line of the vessel, for which h˜ > 1,
our predictions for D
(t)
α follows this scaling behavior for all values of ε. At a given ε,
the directional diffusivities denoted by the symbols are uniformly lesser compared to the
asymptotic values. This is due to the presence of the confining boundary which would
serve to retard the diffusion consequent to enhanced viscous effects.
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The effects of the presence of the bounding wall and the proximity of the NC to the
wall are displayed in Figs. 14(b) and (c) for an NC with h˜ = 1 and h˜ = 0.2, respectively.
In these regimes, we find the diffusivities along all the directions decrease with h˜ and are
smaller compared to the corresponding values for h˜ > 1. For h˜ > 1 (near wall regime)
the effect of the wall is more severely felt for D
(t)
z and is the least for D
(t)
x . In fact, D
(t)
x
shows a similar trend to that at h˜ > 1. All of these features are due to enhanced viscous
effects. These same features with even more reduced diffusivities due to viscous drag are
apparent at h˜ = 0.2, and the trends with increasing ε are similar to those at h˜ = 1. In
this panel we also display a solid line that corresponds to D˜
(t)
z = kBT/(β6piµa) for a
particle with in this regime. The feature that D
(t)
z is severely reduced at h˜ = 0.2 and
in fact is lower at higher aspect ratios (increasingly prolate shapes) may be attributed
to two causes: increased viscous drag and the presence of lift forces in the lubrication
regime. D
(t)
y is also affected by increased viscous drag but the effect of lift forces are
minimal. It may be recalled that these discussions are applicable only to an NC with an
angle of attack θ = 0.
The diffusivities along y and z, which correspond to the radial directions, are found
to depend on (i) a, the NC cross section in the x direction and (ii) the enhanced
drag parameter β that is a function of the NC-wall separation h˜. This scaling behavior
predicted based on steady lubrication theory (Leal 2007; Yu et al. 2015; Vitoshkin et al.
2016) is well represented by kBT/(β6piµa), and this is shown as a solid line in panel (c).
The rotational diffusivities D
(r)
α for h˜ > 1, display a behavior similar to that described
for the translational diffusivities D
(t)
α . In Figs. 14 (d,e,f) D˜
(r)
1 = kBT/ξ
(r)
1 and D˜
(r)
2,3 =
kBT/ξ
(r)
2,3, the rotational diffusivities of an ellipsoidal particle in an unbounded media,
are shown as dotted and solid lines, respectively. The rotational friction coefficients ξ
(r)
1
and ξ
(r)
2,3 are computed as given by Perrin (Perrin, Francis 1934, 1936; Koenig 1975).
The computed values of the rotational diffusivities are in excellent agreement with the
asymptotic values for h˜ > 1, where the effect of the bounding walls on the rotational
motions is minimal. The effects of added moments of inertia are responsible for the
decreased diffusivities in the 2 and 3 directions. Again, with increasing ε the diffusivities
decrease in the 2 and 3 directions due to enhanced form drag. For h˜ 6 1, while D(r)2,3
preserve the trend as a function of ε, that is noted for h˜ > 1, the behavior of D
(r)
1 which
is significantly different may be explained as a consequence of modifications in the added
moment of inertia in the 1 direction caused by confinement.
4.4. Lift force on an NC and its relation to the diffusivity tensor
Thus far, we have focused on the diagonal components of the mobility/diffusivity
tensor as a function of the aspect ratio and confinement. However, in targeted drug
delivery applications, the off diagonal elements of the mobility/diffusivity tensor are
also of interest in order to quantify the degree of lift/margination of the NC subjected
to flow in a confined vessel. While these off-diagonal elements can be estimated using
the VACF approach we have utilized thus far in conjunction with the Green-Kubo
relationship (Kubo 1966a), the cross correlation of velocities are not easily computable
due to the significant numerical variations that may occur with such calculations, even
with the deterministic formulation. An alternative approach which avoids this difficulty
is to directly compute the lift and the drag forces on the NC when subject to flow and
confinement. This is the approach we will adopt here.
We have explicitly computed Fdrag and Flift, for a prescribed Poiseuille flow condition
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using the ALE framework. In these calculations the position (r) and orientation (θ)
of the nano-ellipsoid are taken to be fixed. We present all our results in terms of
the drag and lift coefficients, Cdrag(r, θ) = ||Fdrag||(ρf |ur|2pid2eq/8)−1 and Clift(r, θ) =
||Flift||(ρf |ur|2pid2eq/8)−1 respectively. Here deq is the equivalent sphere diameter and
|ur| is the magnitude of the flow velocity at a radial position r. At present, results
for the drag and lift forces for an ellipsoidal particle bounded by a circular tube are
unavailable for comparison. In view of this, we first validate our calculations with those
reported by Ouchene et al. (2015), where the authors study an ellipsoid in a rectangular
tube at particle Reynolds number Re(p) = 0.1. We expect our estimates for Cdrag and
Clift to compare with those results for cases where the particle is located at the center of
the vessel and the role of the bounding geometry is a minimum. In Fig. 15, we display
Cdrag and Clift, as a function of θ, for the particle bounded by a cylindrical wall. We
present results for aspect ratios ε = 5, 2.5, and 1.25, and with flow conditions such that
Re(p) = 0.1. The parameters used in these calculations are given in appendix D. Excellent
comparison is noted. For all aspect ratios studied, the lift coefficient shows a parabolic
profile as a function of θ (see Fig. 15(b)), with a pronounced peak at θ = 45◦. However,
the peak value of Clift decreases with a decrease in the aspect ratio (ε) of the particle.
On the other hand, the drag (Fig. 15(a)) shows a monotonic increase as a function of θ.
This feature is also seen in Ouchene et al. (2015).
In Fig. 16, Cdrag is shown as a function of Re(p) for θ = 0◦. The dotted line denotes
Cdrag = 24/Re(p) for a spherical particle in an unbounded medium, which in our case
to particles located at the center of the pipe (r = 0). The figure also displays Cdrag for
a micron-sized and a nano-sized particle as a function of aspect ratio and separation
distance from the wall. For the micron-sized particle studied, the location is always at
the center (r = 0) while ε = 5, 2.5, and 1.25, with a = 5µm, D = 50µm, and Re(p) is
taken to be 0.1 (appendix D). For ε ' 1, Cdrag is noted to approach the value for a sphere.
For higher values of ε, Cdrag is slightly lower than that for a sphere. This is as would be
expected since the shape becomes more streamlined with increasing ε. Next, with nano-
sized particle in a vessel of diameter D = 5µm, we fix ε = 1.5 (with a=600 nm) and vary
the particle location such that r = 0.0, 1.9, and 2.1µm. We study this in the context
of a fully developed Poiseuille flow with an inlet velocity umax = 0.1 cm/s, chosen to
represent physiological flow rates (Mazumdar 1992). The particle Reynolds numbers at
the three radial positions for a fluid with a kinematic viscosity ν = 106 µm2s−1 (which is
representative of blood plasma) works out to be around 4×10−4, 2×10−4, and 1×10−4,
respectively. As noted from the figure, with increasing r (closer to the wall) the drag
on the nano-ellipsoid increases. Since the shape of the particles are of similar shape, the
varying drag values are ascribable to the prevailing velocity profile.
5. Conclusions
We present numerical studies based on the Fluctuating hydrodynamics approach and
the Deterministic method to investigate the Brownian motion of ellipsoidal NCs of various
aspect ratios, angles of inclination, and proximities to the wall in a cylindrical fluid filled
vessel. The bulk medium may be stationary or may experience a weak Poiseuille flow.
The incompressible fluid flow formulation is modified by considerations of added masses
and added moments of inertia . A major objective is the evaluation of the effects of
the confining boundary. Detailed results for the VACF and AVACF, mobility, diffusivity,
drag and lift forces as functions of aspect ratio, inclination angle, and proximity to
the wall are presented. For the parameters considered, the confining boundary modifies
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Figure 15. A comparison of the drag and lift coefficients for an ellipsoidal NC (with a = 5µm)
as a function of the inclination angle and aspect ratio. Data shown for particles, with ε = 5,
ε = 2.5, and ε = 1.25, placed at the center of a circular tube of diameter D = 50µm. Flow
conditions have been chosen such that particle Reynolds number Re(p) = 0.1. Shown are (a) the
drag coefficient Cdrag, and (b) the lift coefficient Clift as a function of θ. Mesh parameters used
in these calculations are lP = 75 nm, 188 nm, and 473.5 nm, for aspect ratios ε = 5, 2.5, and
1.25, respectively, and lW = 5.235µm.
the VACF and AVACF such that three distinct regimes are discernible — an initial
exponential decay, followed by an algebraic decay culminating in a second exponential
decay. The effects of shape, proximity to the wall, and the drag and lift forces on the
translational and rotational diffusivities of the NC are comprehensively displayed. The
complicated behavior of these quantities are explained in detail. The effects of the off
diagonal elements of the mobility/diffusivity tensor that enable the quantification of the
degree of lift/margination of the NC have also been evaluated and discussed. Predicted
results show excellent comparison with published results for the algebraic regime (the
only such results that are available).
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Appendix A. Analytical expression for the radial dimension ζ0
For an asymmetric particle, the parameter ζ0 is a measure of the maximum of the
projections of the particle dimensions a, b, and c along a radial direction. Here we give
a heuristic expression for ζ0 that is valid for ellipsoids with one rotational symmetry —
i.e., prolates (a > b = c) and oblates (a < b = c). In our derivation we consider a prolate
ellipsoid (shown in Fig. 2) whose inclination angle θ denotes a rotation in the x−z plane.
Since the long axis of the cylindrical tube is along the x direction, we take the radial
direction for this calculation to be along z. Let (x0, y0, z0) denote the position of the
center of mass of the particle and (x(θ), y(θ), z(θ)) denotes the location of the point on
the particle surface with the minimum value of z.
For a prolate ellipsoid in the x − z plane, z(θ) can be computed by computing the
projections of the semi-major and semi-minor axis along the radial direction given by
(a sin θ)/2 and (b cos θ)/2, respectively. Below a critical inclination angle θ0 = tan
−1(b/a),
z(θ) can be identified with the projection of the semi-minor axis while it is equal to
projection of the semi-major axis when θ > θ0. This dependence can be expressed as
ζ0(a, b, θ) =
a sin θ
2
H(θ − θ0) + b cos θ
2
H(θ0 − θ), (A 1)
30 Ramakrishnan, Wang et al.
0 20 40 60 80
θ, inclination angle (in degrees)
50000
100000
150000
200000
250000
300000
350000
C d
ra
g
h˜ > 1
h˜ = 1
h˜ = 0.2
(a) drag coefficient
r = 0µm
r = 1.9µm
r = 2.1µm
0 20 40 60 80
θ, inclination angle (in degrees)
0
5000
10000
15000
20000
25000
C l
if
t
h˜ > 1
h˜ = 1
h˜ = 0.2
(b) lift coefficient
r = 0µm
r = 1.9µm
r = 2.1µm
Figure 17. (a) The drag coefficient Cdrag and (b) the lift coefficient Clift for a nanoellipsoid, as
a function of the inclination angle θ for three different radial positions: r = 0.0µm (bulk),
r = 1.9µm (near wall), and r = 2.1µm (lubrication). Representative values for the mesh
parameters are given in Table 4.
where H is the Heaviside step function.
Appendix B. Equivalent particle diameters and their radial positions
for different aspect ratios
In this section, we present the various parameters for simulations of ellipsoidal particles
under three type of confinements, which are classified as:
(i) bulk: h˜ =
h− ζ0
ζ0
> 1,
(ii) near wall: h˜ =
h− ζ0
ζ0
= 1,
(iii) lubrication: h˜ =
h− ζ0
ζ0
< 1.
The value of h˜ for the bulk regime depends on ε, a, θ, and D. For the lubrication
regime we take h˜ = 0.2 throughout. Tables 1, 2, and 3 show the positions of the NC
as a function of its aspect ratio, for θ = 0◦, 45◦, and 90◦ respectively. The shown data
correspond to confinement by a cylindrical tube with D = 5µm and L = 40µm.
Appendix C. Mesh length on the particle used in the computation
The values of lP and lW (defined in Fig. 3) used in our calculations are given in Table. 4.
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bulk near wall lubrication
ε a (nm) b = c (nm) ζ0 = c/2 (nm) h (µm) h˜ h (µm) h˜ h (µm) h˜
0.5 288.45 576.9 288.45 2.5 7.667 0.5769 1.0 0.346 0.2
1 457.9 457.9 228.95 2.5 7.962 0.4579 1.0 0.274 0.2
1.5 600.0 400.0 200.0 2.5 11.5 0.4 1.0 0.24 0.2
2.0 726.8 363.4 181.7 2.5 12.75 0.3634 1.0 0.218 0.2
5.0 1338.91 267.78 133.88 2.5 17.67 0.26779 1.0 0.161 0.2
Table 1. Simulation parameters for ellipsoidal particles with five different aspect ratios subject
to three different confinements in a cylindrical tube with D = 5µm and L = 40µm. These
parameters correspond to a particle orientation θ = 0◦.
bulk near wall lubrication
ε a (nm) b = c (nm) ζ0 (eqn.(A 1)) h (µm) h˜ h (µm) h˜ h (µm) h˜
0.5 288.45 576.9 203.96 2.5 11.25 0.408 1.0 0.245 0.2
1 457.9 457.9 228.95 2.5 9.91 0.4579 1.0 0.275 0.2
1.5 600.0 400.0 212.13 2.5 10.78 0.424 1.0 0.255 0.2
2.0 726.8 363.4 256.96 2.5 8.72 0.514 1.0 0.308 0.2
5.0 1338.91 267.78 473.37 2.5 4.28 0.947 1.0 0.568 0.2
Table 2. Simulation parameters for ellipsoidal particles with five different aspect ratios subject
to three different confinements in a cylindrical tube with D = 5µm and L = 40µm. These
parameters correspond to a particle orientation θ = 45◦. The radial dimension ζ0 is computed
as given in eqn. (A 1).
bulk near wall lubrication
ε a (nm) b = c (nm) ζ0 = a/2 (nm) h (µm) h˜ h (µm) h˜ h (µm) h˜
0.5 288.45 576.9 144.225 2.5 16.334 0.288 1.0 0.173 0.2
1 457.9 457.9 228.95 2.5 9.919 0.4579 1.0 0.274 0.2
1.5 600.0 400.0 300.0 2.5 7.333 0.6 1.0 0.36 0.2
2.0 726.8 363.4 363.4 2.5 5.879 0.727 1.0 0.436 0.2
5.0 1338.91 267.78 669.455 2.5 2.73 1.338 1.0 0.803 0.2
Table 3. Simulation parameters for ellipsoidal particles with five different aspect ratios subject
to three different confinements in a cylindrical tube with D = 5µm and L = 40µm. These
parameters correspond to a particle orientation θ = 90◦.
Appendix D. Parameters used in the computation of drag and lift
forces in the bulk
The target particle Reynolds number is computed as Rep(r) = |u(r)|deq/ν, where deq
is the equivalent sphere diameter and ν is the kinematic viscosity. We choose ν = 105 and
particles with a = 5µm and aspect ratios ε = 5, 2.5, and 1.25. For each of the particles,
we compute its equivalent sphere diameter as deq =
3
√
abc, see Table 5 for details.
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θ = 0◦ θ = 45◦ θ = 90◦
ε h˜ lP (nm) lW (nm) lP (nm) lW (nm) lP (nm) lW (nm)
7.667 7 628 7 628 7 628
0.5 1.0 4 524 4 524 7 0.785
0.2 4 524 4 628 4 0.628
7.962 8 785 - - - -
1.0 1 8 785 - - - -
0.2 7 628 - - - -
11.5 8 785 7 628 8 785
1.5 1 8 785 4 524 8 785
0.2 8 785 7 785 8 785
12.75 7 628 4 524 7 785
2.0 1 7 628 4 524 7 628
0.2 7 628 7 628 7 628
17.67 7 628 4 524 7 785
5.0 1 7 628 4 524 7 628
0.2 7 628 7 628 7 628
Table 4. The mesh lengths on the particle and on the tubular wall, lP and lW , respectively,
for five different aspect ratios and a confining wall with D = 5µm and L = 40µm.
ε a (µm) b = c (µm) deq (µm) umax (µm/s)
5 5 1 1.709 5851.375
2.5 5 2 2.71 3690.037
1.25 5 4 4.3 2325.581
Table 5. Parameter values used in the calculation of drag and lift coefficients for comparison
with that from Ouchene et al. (2015).
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Figure ε a (in nm) h˜
Fig. S1.1 0.5 288.4 7.667
Fig. S1.2 0.5 288.4 1.0
Fig. S1.3 0.5 288.4 0.2
Fig. S1.4 1.0 457.9 7.962
Fig. S1.5 1.0 457.9 1.0
Fig. S1.6 1.0 457.9 0.2
Fig. S1.7 1.5 600.0 11.5
Fig. S1.8 1.5 600.0 1.0
Fig. S1.9 1.5 600.0 0.2
Fig. S1.10 2.0 726.8 12.75
Fig. S1.11 2.0 726.8 1.0
Fig. S1.12 2.0 726.8 0.2
Fig. S1.13 5.0 1338.9 17.67
Fig. S1.14 5.0 1338.9 1.0
Fig. S1.15 5.0 1338.9 0.2
Table S1.1. Parameters for the particle shape and wall proximity used in the fluctuating
hydrodynamics calculations for ellipsoidal NCs in a cylindrical tube with D = 5µm and
L = 40µm.
S1. FHD data for ellipsoidal particles of different aspect ratio
In this section, we present data from FHD simulations for ellipsoidal particles, with
five different aspect ratios ε = 0.5, 1.0, 1.5, 2.0, and 5.0, placed at three different
locations, inside a cylindrical tube of diameter D = 5µm and length L = 40µm.
In each of the panel plots presented here, columns from left to right correspond to
(i) the velocity distribution, P (Uα) dUα.
(ii) time series of the scaled averaged translational temperature, T
(t)
α /T , and
rotational temperature, T
(r)
α /T .
(iii) time series of the VACF, CUα(t), and AVACF CΩα(t).
(iv) the mean squared displacement (MSD), 〈∆X2α(t)〉.
Rows from top to bottom correspond to the above mentioned measures computed for the
(i) translational component along the x direction,
(ii) translational component along the y direction,
(iii) translational component along the z direction,
(iv) rotational component along the 1 direction,
(v) rotational component along the 2 direction, and
(vi) rotational component along the 3 direction.
The parameters corresponding to Figs. S1.1- S1.15 are shown in Table. S1.1.
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Figure S1.1. Oblate ellipsoid, with ε = 0.5 and a = 288.4 nm, at the center of a cylindrical
tube, with h˜ = 7.667.
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Figure S1.2. Oblate ellipsoid, with ε = 0.5 and a = 288.4 nm, placed close to the wall of a
cylindrical tube, with h˜ = 1.
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Figure S1.3. Oblate ellipsoid, with ε = 0.5 and a = 288.4 nm, placed in the lubrication layer
of a cylindrical tube, with h˜ = 0.2.
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Figure S1.4. Spherical particle, with ε = 1.0 and a = 457.9 nm, at the center of a cylindrical
tube, with h˜ = 7.962.
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Figure S1.5. Spherical particle, with ε = 1.0 and a = 457.9 nm, placed close to the bounding
wall of a cylindrical tube, with h˜ = 1.
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Figure S1.6. Spherical particle, with ε = 1.0 and a = 457.9 nm, placed in the lubrication
layer of a cylindrical tube, with h˜ = 0.2.
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Figure S1.7. Spherical particle, with ε = 1.5 and a = 600 nm, at the center of a cylindrical
tube, with h˜ = 11.5.
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Figure S1.8. Spherical particle, with ε = 1.5 and a = 600 nm, placed close to the bounding
wall of a cylindrical tube, with h˜ = 1.
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Figure S1.9. Spherical particle, with ε = 1.5 and a = 600 nm, placed in the lubrication layer
of a cylindrical tube, with h˜ = 0.2.
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Figure S1.10. Prolate ellipsoid, with ε = 2.0 and a = 726.8 nm, at the center of a cylindrical
tube, with h˜ = 12.75.
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Figure S1.11. Prolate ellipsoid, with ε = 2.0 and a = 726.8 nm, placed in the near wall
region of a cylindrical tube, with h˜ = 1.
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Figure S1.12. Prolate ellipsoid, with ε = 2.0 and a = 726.8 nm, placed in the lubrication
layer of a cylindrical tube, with h˜ = 0.2.
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Figure S1.13. Prolate ellipsoid, with ε = 5.0 and a = 1.3389µm, at the center of a
cylindrical tube, with h˜ = 17.67.
Brownian and flow driven motions of nanoellipsoids. 15
� 4 � 3 � 2 � 1 0 1 2 3 4
0.000
0.025
0.050
0.075
0.100
0.125
0.150
P
(U
x
)d
U
x
velocity distribution
� 4 � 3 � 2 � 1 0 1 2 3 4
0.000
0.025
0.050
0.075
0.100
0.125
0.150
P
(U
y
)d
U
y
� 4 � 3 � 2 � 1 0 1 2 3 4
0.000
0.025
0.050
0.075
0.100
0.125
0.150
P
(U
z
)d
U
z
� 4 � 3 � 2 � 1 0 1 2 3 4
0.000
0.025
0.050
0.075
0.100
0.125
0.150
P
( 
1
)d
 
1
� 4 � 3 � 2 � 1 0 1 2 3 4
0.000
0.025
0.050
0.075
0.100
0.125
0.150
P
( 
2
)d
 
2
� 4 � 3 � 2 � 1 0 1 2 3 4
scaled velocities
0.000
0.025
0.050
0.075
0.100
0.125
0.150
P
( 
3
)d
 
3
0 10 20 30 40 50
0.50
0.75
1.00
T
(t
)
x
/T
temperature
0 10 20 30 40 50
0.50
0.75
1.00
T
(t
)
y
/T
0 10 20 30 40 50
0.50
0.75
1.00
T
(t
)
z
/T
0 10 20 30 40 50
0.50
0.75
1.00
T
(r
)
1
/T
0 10 20 30 40 50
0.50
0.75
1.00
T
(r
)
2
/T
0 10 20 30 40 50
t/tν
0.50
0.75
1.00
T
(r
)
3
/T
� 3 � 2 � 1 0 1 2
� 10
� 8
� 6
� 4
� 2
0
C
U
x
(t
)
velocity autocorrelation
Brownian
deterministic
� 3 � 2 � 1 0 1 2
� 10
� 8
� 6
� 4
� 2
0
C
U
y
(t
)
Brownian
deterministic
� 3 � 2 � 1 0 1 2
� 10
� 8
� 6
� 4
� 2
0
C
U
z
(t
)
Brownian
deterministic
� 3 � 2 � 1 0 1 2
� 10
� 8
� 6
� 4
� 2
0
C
 
1
(t
)
Brownian
deterministic
� 3 � 2 � 1 0 1 2
� 10
� 8
� 6
� 4
� 2
0
C
 
2
(t
)
Brownian
deterministic
� 3 � 2 � 1 0 1 2
log10(t/tν)
� 10
� 8
� 6
� 4
� 2
0
C
 
3
(t
)
Brownian
deterministic
� 3 � 2 � 1 0 1 2
� 12
� 10
� 8
� 6
� 4
� 2
〈∆
X
2 x
(t
)〉
∝
t2
∝ t
MSD
� 3 � 2 � 1 0 1 2
� 12
� 10
� 8
� 6
� 4
� 2
〈∆
X
2 y
(t
)〉
∝
t2
∝ t
� 3 � 2 � 1 0 1 2
� 12
� 10
� 8
� 6
� 4
� 2
〈∆
X
2 z
(t
)〉
∝
t2
∝ t
� 3 � 2 � 1 0 1 2
� 12
� 10
� 8
� 6
� 4
� 2
〈∆
Θ
2 1
(t
)〉
∝
t2
∝ t
� 3 � 2 � 1 0 1 2
� 12
� 10
� 8
� 6
� 4
� 2
〈∆
Θ
2 2
(t
)〉
∝
t2
∝ t
� 3 � 2 � 1 0 1 2
log10(t/tν)
� 12
� 10
� 8
� 6
� 4
� 2
〈∆
Θ
2 3
(t
)〉
∝
t2
∝ t
Figure S1.14. Prolate ellipsoid, with ε = 5.0 and a = 1.3389µm, in the near wall region of a
cylindrical tube, with h˜ = 1.
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Figure S1.15. Prolate ellipsoid, with ε = 5.0 and a = 1.3389µm, placed in the lubrication
layer of a cylindrical tube, with h˜ = 0.2.
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S2. VACF and AVACF as a function of NC aspect ratio
In addition to its shape, the VACF and AVACF for an ellipsoidal NC are also strongly
influenced by wall mediated hydrodynamic interactions when the NC is in proximity
to the wall. A comparison of the VACF and AVACF are shown in Figs. S2.1 and S2.2,
respectively, for NCs with ε=0.5, 1.0, 2.0, and 5.0 placed at h˜ > 1.0, h˜ = 1.0, and h˜ = 0.2
inside a cylindrical tube with D = 5µm and L = 40µm. These results have been used to
compute the translational and rotational diffusivities presented in Figs.13 and 14 in the
main text.
Furthermore, the curvature of the bounding wall may also alter the decay of the VACF
and AVACF. This is shown in Figs. S2.3 and S2.4 for for NCs with ε=0.5, 1.0, 2.0 and
5.0 placed at h˜ > 1.0, h˜ = 1.0, and h˜ = 0.2 inside a cylindrical tube with D = 20µm and
L = 40µm.
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Figure S2.1. VACF for NCs with ε = 0.5, 1.0, 2.0, 5.0 placed at h˜ > 1 (see Table 1 in main
text for exact values), h˜ = 1, and h˜ = 0.2, in a tube with D = 5µm and L = 40µm.
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Figure S2.2. AVACF for NCs with ε = 0.5, 1.0, 2.0, 5.0 placed at h˜ > 1 (see Table 1 in main
text for exact values), h˜ = 1, and h˜ = 0.2, in a tube with D = 5µm and L = 40µm.
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Figure S2.3. VACF for NCs with ε = 0.5, 1.0, 2.0, 5.0 placed at h˜ > 1 (see Table 1 in main
text for exact values), h˜ = 1, and h˜ = 0.2, in a tube with D = 20µm and L = 40µm.
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Figure S2.4. AVACF for NCs with ε = 0.5, 1.0, 2.0, 5.0 placed at h˜ > 1 (see Table 1 in main
text for exact values), h˜ = 1, and h˜ = 0.2, in a tube with D = 20µm and L = 40µm.
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Figure S3.1. The time evolution of (a) the velocity and (b) the displacement of an ellipsoid
with ε = 1 and a = 500 nm. The particle is placed at the center of a tube of diameter D = 5µm
and is dragged along the x direction by applying a constant force Gx = 10
−18 N.
S3. Computing static mobilities using the Towing method
Here, we present a computationally inexpensive method to compute mobility of a
neutrally buoyant ellipsoidal NC (ρ(p) = ρ(f)) by assessing the dynamics of the particle
in response to a weak applied force. These calculations are performed with the weak
formulation by setting the random stress tensor S, given in eqn. 3.3 in the main text, to
zero.
The mobility of a nanoparticle Mα, at a radial position r and inclination angle θ
as shown in Fig. 2(c), along any given direction α, is computed from its steady state
velocity U in response to an externally imposed body force G (see eqn. 3.6) acting
at its center of mass as Mα = Uα/Gα. Here, Uα and Gα are the components of the
velocity and force along the α direction. In all the mobility calculations presented here,
the force Gα is chosen to be 1 pgµm s
−2. Figs. S3.1(a) and (b) show the time evolution
of the x components of the velocity and displacement, used in computing Mx for a
spherical particle (ellipsoid with a = b = c) of diameter 500 nm, placed at the center
of a circular tube, and subjected to a constant force Gx = 1 pgµm s
−2 ≡ 10−18 N. It
may be noted from these figures that the velocity reaches a steady state in a very short
time (≈ 10−6 ns). We ignore the initial transients and use the steady state value of Ux to
compute the mobility. It should also be noted that the net displacement of the particle
in the time interval to reach steady state is only about 10−11 µm which is negligible
compared to the particle diameter (500 nm). This method which neglects the transients
Brownian and flow driven motions of nanoellipsoids. 23
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Figure S3.2. Comparison of the computed values ofMx to theoretical estimates based on eqn.
(S3 1). Data shown as a function of the aspect ratio (ε) for ellipsoidal particles, with a = 1µm,
500 nm, and 100 nm, placed at the center of a tube with diameter D = 5µm. The normalization
factorM†x, for each particle size a, is chosen to be the analytical estimate (from eqn. (S3 1)) for
the corresponding spherical particle (a = b = c). Mesh parameters used are lP = 0.026µm and
lW = 0.524µm.
and only probes the linear response regime of the particle allows us to compute the its
zero-freqency mobility at the desired location.
Now we consider comparisons with existing results in two cases: (i) Mx as a function
of the aspect ratio (ε) for an ellipsoid placed at the center of the cylindrical tube (Happel
& Brenner 1965), and (ii) My for an ellipsoid as a function of its separation (h) from
the tube wall (Hsu & Ganatos 1989).
For an ellipsoid particle (with b = c, and θ = 0◦) at the center of the tube (r = 0), the
analytical form of the translational mobility M†x is given by (Happel & Brenner 1965):
M†x =
1−
(
3deq
8D
)(
5.612− 2.0211
( a
D
)2
− 3.5431
( c
D
)2)
3piµdeq
. (S3 1)
Here, deq is the “equivalent spherical diameter” for the ellipsoid, whose values have
been taken from table 5-11.1 in Happel & Brenner (1965). We compare the values ofMx
from our simulations to those evaluated from eqn. (S3 1) for particles with five different
aspect ratios, ranging from ε = 0.5 to 10. We have chosen particles of three different sizes
(a = 1µm, 500 nm, and 100 nm) and varied their aspect ratios by varying the values of
b and c. In all these calculations we fix the cylindrical vessel diameter to be D = 5µm.
Fig. S3.2 shows the ratio of Mx to M†x and it may be seen that the computed values of
the mobility are in excellent agreement with those given by eqn. (S3 1) and hence validate
the computation for a particle situated away from the wall.
Next, we study the mobility of oblate ellipsoids with a fixed aspect ratio ε = 0.5, for
a = 100 nm, 500 nm, and 1µm, as a function of the gap length h between the center
of mass of the particle and the tube wall (see Fig.2(c) in the main manuscript). These
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Figure S3.3. Ratio of the translational mobilities for an oblate ellipsoid in the vicinity
of cylindrical and planar walls My,tube/My,plane. Data shown as a function of the particle
separation from the wall h, and in our simulations h is varied by varying the particle position
along the y direction. The estimates for My,plane is from Hsu and Ganatos (Hsu & Ganatos
1989). We consider three different ellipsoidal particles with a fixed ε = 0.5 and a = 100 nm, 500
nm and 1µm, in a cylindrical tube diameter of D = 5 µm. Mesh parameters for the particle
surface are lP = 6 nm, 16 nm, and 64 nm for the 100 nm, 500 nm, and 1µm particles, respectively,
and lW = 524 nm for the mesh on the cylindrical wall.
studies have been performed by varying h along the y direction for an ellipsoidal particle
whose axis of symmetry is also oriented along y (i.e., θ = 90◦). This study will validate
the numerical scheme where the wall effects are important. Hsu and Ganatos (Hsu &
Ganatos 1989) have previously reported a similar study using the boundary integral
approach to compute the mobility of an ellipsoidal particle as a function of its separation
from a plane wall.
A comparison of results are shown in Fig. S3.3 where we have plotted the ratio
My,tube/My,plane as a function of h/c. For a particle located at the center of the tube,
the effect of wall curvature is a minimum and hence,My,tube/My,plane ' 1. Indeed, this
is displayed in Fig. S3.3. For locations closer to the wall boundary, the curvature effects
would become increasingly important as we approach the wall. Again, as displayed in
Fig. S3.3 the ratio of the mobilities shows significant deviation from unity as we approach
the wall and this effect is more pronounced with increasing particle size. This is as would
be expected. These complete our validations.
S3.1. Effects of the bounding geometry and particle orientation in the absence of
Brownian stresses
In order to quantify the effects of the wall curvature and the particle orientation, we
have computed the mobility of an ellipsoidal particle (a = 0.6µm and b = c = 0.4µm)
placed at three different positions of the center of mass along the radial direction chosen
as r = 0.0µm , r = 1.9µm, and r = 2.1µm, which are representative of a particle in the
bulk, near wall and lubrication regimes, for various inclination angles 0 6 θ 6 90. The
mobility calculations are performed as described earlier for both quiescent and Poiseuille
flow conditions. For the Poiseuille flow, uin(r) = umax
(
1− (2r/D)2), where umax is
the flow velocity at the center of the tube, and D denotes the diameter of the tube. In
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Figure S3.4. The normalized mobility for an ellipsoidal particle, with ε = 1.5 and a = 500 nm,
as a function of its inclination angle θ for three different radial positions – (i) center (r = 0.0 µm),
(ii) near wall (r = 1.9 µm), and (iii) lubrication ( r = 2.1 µm) – in (a) a quiescent medium and
(b) a Poiseuille flow field. Mesh parameters used are lP = 5 nm and lW = 785 nm.
targeted drug delivery applications since we are interested in capillary flows, we have
performed our simulations with umax = 0.1 cm/s, which is representative of flow rates in
capillary vessels (Mazumdar 1992). Figures S3.4(a) and (b) show ratio of the mobilities
(Mx(r, θ)/Mx(r = 0, θ = 0)) of the ellipsoid as a function of θ and its separation from
the wall. We find that the mobility of the particle is strongly dependent both on the
orientation θ and its radial position r. The effect of the flow field of the mobility is weak
due to the low particle Reynolds number considered here (Re(p) ∼ 10−4).
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Figure S4.1. Comparison of the translational and rotational diffusivities computed from the
velocity-autocorrelation, using the Green-Kubo relation, to those estimated from the MSDs.
Data for shown for NCs with five different aspect ratios and placed at h˜ = 1.0. The central
dotted line represents the linear correlation while the rest two represent deviations of ±20%.
The translational diffusivities (panel (a)) are in units of µm2s−1, and the rotational diffusivities
(panel (b)) are in units of rad2s−1.
S4. Comparison of diffusivities for h˜ = 1 and h˜ = 0.2
Figs. S4.1 and S4.2 show a comparison of the translational and rotational diffusivities
for ellipsoidal NCs (with ε=0.5, 1.0, 1.5, 2.0, and 5.0) computed using the MSD approach
and from the VACF, using the Green-Kubo relation, for h˜ = 1.0 and h˜ = 0.2, respectively.
Data correspond to ellipsoidal NCs in a tube with D = 5µm and L = 40µm.
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Figure S4.2. Comparison of the translational and rotational diffusivities computed from the
velocity-autocorrelation, using the Green-Kubo relation, to those estimated from the MSDs.
Data for shown for NCs with five different aspect ratios and placed at h˜ = 0.2. The central
dotted line represents the linear correlation while the rest two represent deviations of ±20%.
The translational diffusivities (panel (a)) are in units of µm2s−1, and the rotational diffusivities
(panel (b)) are in units of rad2s−1.
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Figure S5.1. Translational and rotational MSDs estimated from the MSD, as a function of the
aspect ratio and h˜. The dotted and solid lines in the various panels are as described in Fig.14
in the main text.
S5. Comparison of diffusion constants estimated from MSD
In Fig. S5.1, we show the scaling behavior of the translational and rotational
diffusivities computed using the MSD approach, as functions of ε and h˜. For a detailed
description of the various scaling behavior see discussions around Fig. 14 in the main
text.
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